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Abstract 
Optimal gear design consists of determining its proper size, geometry, material, manufacturing processes and process 
parameters. One of the major steps within such gear design is high-cost gear testing until failure with the goal to 
determine performance characteristics of gears and also to enable life expectancy evaluations. With the viewpoint in 
the low-cost failure analysis, considering crack initiation in tooth root fillet, simulation of material behaviour can be 
based also on recorded material response from the endurance tests on un-notched test circular samples. In order to 
account for large number of phenomena that appear in material during loading, complex material model for material 
behaviour modeling is chosen. Material behaviour in low–cycle fatigue regime is described by material model that 
combines isotropic and kinematic hardening with mechanics of material damage to simulate elastic-plastic response 
of the material, as well as damage nucleation and accumulation. Chosen material model is implemented into finite 
element code to enable numerical modeling of materials response in gears tooth root and life prediction, considering 
crack initiation period. Calculated life expectancy curves show possible increase of gear’s loading capacity as a result 
of material softening tendency and residual stresses influence in gears tooth root. 
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1. Introduction 
In order to produce gears that will work properly for a long period of time, an engineer has to take into 
account all known gear failures and also conditions that gears operate in. During gear design, production 
and operation there are different types of errors that can occur. Gear design errors can result from 
improper choice of geometrical parameters, material or lubricants. Manufacturing errors occur due to 
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geometrical inaccuracies caused by manufacturing processes, assembly errors, faulty maintenance, 
problems in heat treating and so on. In gears operating time, teeth are dynamically loaded during torque 
transmission, but there are also numerous other excitations in gearbox, such as teeth stiffness nonlinearity, 
stiffness fluctuation during mesh, teeth clearance, etc., that cause additional loads on teeth. 
 
Nomenclature 
b facewidth 
b rate of isotropic hardening/softening 
c* bottom clearance factor 
D damage 
da tip diameter 
E modulus of elasticity 
Fbt transverse load on path of contact 
*
 0ah  tool addendum factor 
m(n) Ohno–Wang parameters 
mn normal module 
NI cycles to crack initiation 
dp accumulated plastic strain 
R isotropic hardening/softening 
Rf limit of isotropic hardening/softening 
(n)
fX   rate of kinematic hardening/softening 
x addendum modification coefficient 
z number of teeth 
Dn normal pressure angle 
He elastic strain 
Hp plastic strain 
(n)J  rate of kinematic hardening/softening 
dȜ plastic multiplier 
*
 a0U  tip radius of the tool factor 
ı stress 
ıy yield stress 
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Gear fatigue failures occur mostly because of these errors, combined with the load increase. Different 
types of failures that can occur in gears are divided in two major groups: wear and surface fatigue types of 
failure that occur on the tooth flank and breakage failure that occur in the tooth root. While fatigue 
failures on the teeth flanks result in surface changes through a period of time and can be visually 
controlled, tooth root breakage failures in most cases occur unexpectedly and can result with catastrophic 
consequences. Tooth root fatigue damage, as a mode of failure initiation is considered within this paper. 
According to standard procedure of gear design [1], all geometric and operational parameters are 
chosen in an early phase and are followed by load capacity calculations. Safety factors are calculated 
within this procedure. In order to increase safety, gears are very often over-dimensioned. Gears life 
prediction can be used to optimize gear design.  
In order to provide life prediction of gears, after the design phase is over, numerous running tests on 
gear samples must follow, which is expensive, time-consuming and offers very limited possibility for 
results extrapolation to different gear designs. In the tests, usually only the occurrence of final failure in 
the gear tooth root is considered, but not the failure initiation. Furthermore, these tests are in most cases 
executed in high-cycle fatigue regime, during which achieved bending stresses in tooth root do not exceed 
yield stress of the material. Low-cycle fatigue damage in the tooth root is considered within this paper as 
it is not part of any calculation or measuring procedure within a gear design process, but it can be the 
cause of tooth root fatigue breakage. The loads vary throughout the working process, from starting 
through operation at or near critical speed to the operation in working conditions [2]. Besides these 
forces, there are numerous other excitations in gearbox induced by the variations in geometry due to 
manufacturing tolerances and errors, variations in alignment, lubrication, etc., that cause additional loads 
on teeth [3]. These alternations in load magnitude and frequency are manifested as short–time overloads 
and can cause plastic strains and low-cycle fatigue in material [4]. Despite the fact that the load spectrum 
can not be precisely predicted which leads to uncertainty of the life estimation, advanced knowledge of 
material characteristics and its behaviour during operation can provide significant improvement in gears 
design. 
2. Material model 
Considered material model is rate-independent version of nonlinear kinematic hardening model 
suitable to describe material behaviour in low-cycle fatigue regime, proposed by Chaboche [5]. It is 
combined with linear elasticity, described by Hooke’s law. The model is also appropriate to simulate 
Bauschinger effect and isotropic hardening of the material. Although the usage of this model enables 
ratcheting or shakedown simulation, Ohno-Wang’s modification [6,7,8] of Chaboche’s model is used for 
material behaviour modeling of mean stress effects. The constitutive equations are based on linear 
isotropic elasticity, while multiaxial plasticity criteria is described by von Mises yield criterion [5,9] with 
associated flow rule.  
The material model is defined by constitutive equations, as follows. 
The linear stress-strain relationship of the material is described by Hooke’s law: 
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The von Mises yield function for plasticity criteria description is given by:  
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The flow rule can be written as: 
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The back stress is described by following three-decomposition rule: 
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The evolution of back stress for each component is defined through nonlinear kinematic hardening 
rule, as Chaboche and Ohno-Wang proposed: 
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The law of isotropic hardening is described by: 
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where equivalent plastic strain increment is: 
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The failure that occurs in material under cyclic loading is modelled by application of continuum 
damage mechanics theories [9]. The crack initiation phase, as the first part of the structure life, is 
characterized by the damage initiation and accumulation that starts after the accumulated plastic strain 
reaches a threshold value. Damage evolution is described by the equation relating plastic strain increment. 
It is determined from the change in elastic response of the material as the loading cycles proceeds [10].  
3. Life prediction modeling 
In order to investigate low-cycle fatigue that can occur in gears tooth root due to short-time overloads, 
material parameters required to model material behaviour of the steel 42CrMo4 in normalised state with 
hardness of 296 HV and tempered state with hardness of 420 HV and 546 HV have been identified [11]. 
Detailed response of the material during cyclic loading was recorded during own experiments on circular 
shaped un-notched specimens. The strain–controlled fatigue testing was conducted, following standard 
procedure [12] and it served as a base for modeling of material behaviour. 
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The analysis is performed on the gear tooth of gearing with geometric characteristics: z = 124; mn = 6 
mm; Įn = 20q; 
*
0ah =1,25; 
*
a0U =0,25; 
*c =0,25; x = 0; b = 1 mm; da = 756 mm. Gear teeth are modelled 
[13] and discretized by finite elements that have integrated materials’ nonlinearities, according to 
previously described material model. 
Up to the yield stress, the finite elements material exhibits a linear stress – strain relationship, while 
the stresses beyond it cause plastic behaviour of material, following the mechanical principle presented 
earlier. The nonlinear stress – strain relationship of material causes a structure’s stiffness to change at 
different load levels during numerical analysis.  
In the calculation procedure the whole nominal transverse load in line of action Fbt is applied on the 
point B on path of contact, where double tooth contact (two teeth pairs simultaneously in mesh) is 
changing to single (only one tooth pair is carrying the whole load), according to [1].  
Life estimation of gears, considering failure initiation in tooth root caused by short-time overloads 
was provided by simulating materials response through load cycles until critical value of damage, 
previously identified for considered materials, is reached. Following standard procedure, load capacity 
calculations are to be performed at the cross-section of the tooth, defined by tangents on the profile root 
fillet under the 30° angle to it’s symmetry axis. This analysis showed deficiencies of such approach, as 
maximum stresses appeared in different tooth root cross-sections, which is especially emphasized in 
elasto-plastic behaviour of material. Damage is evaluated at the toot root fillet where its critical value 
firstly occurs. 
4. Results 
Simulation of elasto-plastic response of the material in the gears tooth root makes possible analysis of 
damage initiation and accumulation. Three characteristic loading domains were detected, considering 
damage evolution: 1. Damage doesn’t initiate, 2. Damage initiates in the first loading cycle, but doesn’t 
accumulate due to material softening behavior and because of the residual stresses in following loading 
cycles [14], 3. Damage initiates and accumulates during load cycles. Numerically modeled life estimation 
curves through force-life approach are given for gears tooth model in Fig. 1. First and second 
characteristic loading domains were both taken to model endurance limit. 
 
 
Fig. 1. Damage fatigue properties 
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5. Conclusion 
Low-cycle fatigue in gears tooth root material isn’t taken into account in life prediction of gears, when 
following commonly used or standard calculation procedures. Although high-cycle fatigue causes most 
failures in gears, short-time overloads and their influence on failure initiation must not be neglected. As 
running tests for low-cycle fatigue analysis on gear model specimens are not used in common practice, 
choosing and applying numerical methods for life prediction of gears can be of great asset to gear design. 
Nonlinear material model that describes large number of phenomena that occur in material in low-cycle 
fatigue regime was chosen for the numerical analysis. 
Material chosen for analysis within this paper demonstrates softening behavior. As its softening 
behavior and residual stresses advantageous influence on tooth root stresses both make positive effect on 
material behavior, three characteristic domains were identified, considering damage evolution. The most 
important domain is attributed by damage initiation without further accumulation, since endurance limit 
appears to be much higher then it would be if it is limited by damage occurrence condition.  
Numerical modeling of fatigue damage can provide good fatigue life estimation of gears tooth root, 
focusing on the crack initiation period. As a result, gear design can be improved in an early phase by 
using this kind of calculations that are based on low-cost experiments.   
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